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A periodic regular tiling of the plane by black and white squares is k-universal if it contains 
all possible k x k blocks of black and white tiles. There is a 4 x 4 periodic tiling that is 
2-universal; this paper looks for the smallest 3-universal tiling and obtains a 64 x 32 periodic 
tiling that is 3-universal. 
Related to this is the following: a (0, 1)-matrix is k-universal if every possible k x k 
(0, 1)-matrix occurs as a submatrix. It is proved that, for k even, there is a k2 ~ by k2 k/2 matrix 
that is k-universal and, for k odd, there is a (3k + 1)2 (k-3)/2 by (3k - 1)2 (k-3)/2 matrix that is 
k-universal. 
1. Introduction 
Let us consider regular tilings of the plane by unit squares coloured black and 
white. Such a tiling is called periodic if the design can be obtained, by translations 
through multiples of m units vertically and n units horizontally, from a 
fundamental m x n block of tiles. We may speak of this as an m x n. periodic 
tiling. The fundamental block can be represented by a (0, 1)-matrix, that is, an 
m x n matrix with entries 0 and 1, corresponding to the black and white tiles. 
Such a tiling is called k-universal if it contains all the possible k x k blocks of 
black and white tiles. It is always possible to find a k-universal tiling by simply 
taking a fundamental block consisting of the 2 k: different k x k blocks stacked 
together,  but one is naturally interested in finding a smaller k-universal tiling. In 
the case k - 2, stacking together to form a square fundamental block would give 
an 8 x 8 periodic tiling but there is in fact a 4 x 4 periodic tiling that is 
2-universal. This is the tiling, found for example in [2], with fundamental block 
given by the matrix 
[i ° 
0 0 
0 0 " 
1 0 
In this paper we shall consider the case k = 3 and obtain what we conjecture to 
be the smallest 3-universal tiling. This is the tiling with the 64 x 32 fundamental 
block given in Fig. 1. 
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As a first step in constructing this 3-universal tiling, we shall also consider 
k-universal (0, 1)-matrices. An m x n matrix is k-universal if every possible k x k 
(0, 1)-matrix occurs as a submatrix, in the sense that it can be obtained by 
selecting some k rows and some 
necessary adjacent or in increasing 
A = 
k columns, these rows (and 
order. Let 
" 0 0 O 1 O 1 O 0 -  
0 0 0 1 0 1 1 1  
1 1 0 1 0 1 0 0  
1 101  0 1 1 1 
0 1 0 0 0 0 0 1  
01  1 1 1 101  
0 0 0 0 1 1 0 0  
0 0 0 0 1 1 1 1  
1 1 0 0 1 1 0 0  
_ 1 1 0 0 1 1 1 1  
columns) not 
We claim that the matrix A is 
[iOi]ol 
3-universal. For example, the 3 x 3 matrix 
is the submatrix obtained by selecting the 2nd, 7th and 3rd rows and the 5th, 1st 
and 6th columns of A. So, although the fundamental block of a periodic tiling is a 
(0, 1)-matrix, the two senses of k-universal are different: The fundamental block 
being a k-universal matrix does not make a tiling k-universal because, in the case 
of a tiling, each possible k x k (0, 1)-matrix must be found as a block within the 
tiling, and not simply as a submatrix by a suitable selection of rows and columns. 
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We shall describe a construction that gives the following result: 
Theorem. For k even, there is a k2 ka by k2 k/2 matrix that is k-universal; for k 
odd, there is a (3k + 1)2 (k-3)/2 by (3k - 1)2 (k-3)/2 matrix that is k-universal. 
The proof of this makes up Section 3 below. For k = 3, this gives the 10 x 8 
3-universal matrix A shown above, and from this is derived the 64 x 32 
fundamental b ock of a 3-universal tiling. 
2. A 3-universal tiling 
By stacking together all the 29 different 3 x 3 blocks of black and white tiles, 
one cannot obtain a 3-universal tiling with a square fundamental block, but one 
obtains, for example, a 3 -25x  3-24 periodic tiling this way. One would like to 
find a smaller 3-universal tiling than this and the computer printout shown in Fig. 
1 gives a 64 x 32 periodic tiling that is 3-tmiversal. The next two sections describe 
how this was found, but there are three facts about it worth noting first: 
(1) This 3-universal tiling has in fact just 10 different rows and 8 different 
columns, and the numbers or labels appearing down the left-hand side and along 
the top indicate this property, identical rows (or columns) having the same label. 
These are derived from the 10 rows and 8 columns of the 3-universal matrix given 
above; 
(2) The number of 3 x 3 blocks in this tiling is 211, so some of the 29 different 
possible 3 x 3 blocks appear more than once. However, suppose the entry in the 
ith row and jth column is aii and let A 0 be the 3 x 3 block with a 0 in its top 
left-hand corner. Then the number of 3 x 3 blocks A 0 with i and j both odd is 29 
and these in fact are all different. So every possible 3 x 3 block occurs exactly 
once as one of these; 
(3) A fabric that is periodic is also given by a fundamental m x n block of 
black and white squares and the question of k-universal fabrics has been raised 
(for example [2, p. 159]). In the terminology of that paper, Fig. 1 gives a strongly 
3-universal fabric except that it is not isonemal. By considering row-sums and 
column-sums one can check, using [1], that it does form a fabric that hangs 
together. 
3. The construction of a k-universal (0,1)-matrix 
There is a natural correspondence which associates with any (0, 1)-matrix a 
bipartite tournament. The problem of finding a k-universal (0, 1)-matrix is thus 
the same as the similar problem for bipartite tournaments and the following is 
based on the method for tournaments in general given in [3, pp. 49-50]. 
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Let M be any k x k (0, 1)-matrix and let ul, u2,. • •, Uk be the rows of M and 
v l , . . . ,  Vk the columns of M. It is convenient to use the notation e(ui, vj) for the 
entry in row u/and column vj. Now let 
U/= {vj: e(ui, v j )= 0}, 
Vi= {ui: e(us, vi)= 1}. 
Construct a matrix A with rows r~,s in one-to-one correspondence with the 
ordered pairs (i, S), where S ~- U~ and columns Cj,T in one-to-one correspondence 
with the ordered pairs (j, T), where T c Vj. The entry in row rs, s and column Cj, T 
Of this matrix will be denoted by e(ri,s, Cj,T) and 
1 if 
If e(u~, vj) = 1, then e(rs,s, cj,r) = 0 if 
if 
If e(u  i, v/) = 0, then e(rs,s, Cj,T) = if 
is defined by these rules: 
use T 
ui~ r .  
v ieS  
v, lS. 
We now show that A is k-universal. Let B be any k x k (0, 1)-matrix with rows 
xl, • • •, Xk and columns y l , . . . ,  Yk- The entry in row xs and column yj is denoted 
by e(xi, yj). Define 
f(xi)=ri,s(i),  where S( i )={vi :e(u i ,  v j )=O and e(xi, yj)=O}, 
f(Yj) = cj,rO), where T( j )  = {us: e(ui, Vj) = 1 and e(xs, yj) = 1}. 
Then we claim that the submatrix of A defined by the rows f(xs) and the columns 
f(yj) is equal to the k x k matrix B. This is because if e(us, yj) = 0, then 
e(xi, yj) = 0 ~ vj ~ S(i) ~ e(ri,s(o, Cj,r(j)) = 0 ~ e(f(xi),  f(yj)) = O, 
e(xi, yj) = 1 =)> v i ~ S(i) ::), e(ri,s(i), Cj,r(/)) = 1 ::> e(f(xi),  f(yj)) = 1 
and if e(us, vj) = 1, then 
e(x,, yj) = 1 ~ ui e T( j )  ~e(ri,s(i), Cj,r(/)) = 1 ~e( f (x i ) , f (y j ) )  = 1, 
e(x,, yj) = 0 ::> ui ~ T( j )  ~ e(rs,s(i), Cj,TO)) = 0 f f  e(f(xi),  f(yj)) = O. 
The number of rows in A is equal to 2 lull + . . .  + 2 Iv~l and the number of 
columns is equal to 2 Ivlt + • • • + 2 Iv~l. Now IVj[ is equal to the column-sum of the 
column vj and [U/[ is equal to k minus the row-sum of the row ui of the arbitrary 
matrix M. To minimise the number of rows and columns of A, we choose a 
matrix M with row-sums and column-sums as nearly equal as possible. Thus if k is 
even we can choose M with all its row-sums and column-sums equal to ½k. Then 
the number of rows and columns in A is k2 k/2. 
If k is odd, we choose M so that ½(k+ 1) of the row-sums and of the 
column-sums are equal to ½(k-  1) and ½(k-  1) of the row-sums and of the 
column-sums are equal to ½(k + 1). Then the number of rows in A works out to 
be (3k + 1)2 (k-3)~2 and the number of columns (3k - 1)2 (k-3)t2. In the case k = 3, 
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this gives a 10 x 8 matrix, and the 3-universal matrix A given in the introduction 
was obtained by taking M to be 
[Z1010  1 
The method gives a 16 x 16 matrix that is 4-universal and a 32 x 28 matrix that is 
5-universal. 
4. The final step 
We return now to the problem of constructing a 3-universal tiling. We will not 
give all the details of this work but it can be seen that Fig. I was built up by using 
the 10 rows and 8 columns of the 3-universal matrix A found by the method of 
Section 3 and given in the introduction. What we had to ensure was that every 
essentially different choice of 3 rows from the 10 rows of the matrix A appeared as 
3 consecutive rows in the required order in the larger matrix and that the similar 
property for columns held. This was done partially by hand and checked by 
computer. 
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